I. INTRODUCTION
The pair of neutral pseudoscalar mesons produced from a source with total C = −1 is in an entangled or EinsteinPodolsky-Rosen correlated state [1] , which cannot be factorized as a direct product of the states of the two mesons [2] [3] [4] [5] [6] . This fact has been experimentally confirmed in K 0K 0 pairs produced in proton-antiproton annihilation in the CPLEAR detector in CERN [7, 8] , in K 0K 0 pairs produced at φ decay in the KLOE detector in DAΦNE [9] [10] [11] [12] , and in B 0 dB 0 d pairs produced at Υ(4s) in the BELLE detector in the KEKB [13] . In addition to their values in the perspective of quantum foundations and quantum information [14, 15] , they have been in practical use in φ and B factories such as KLOE, BABAR, BELLE and CLEO, where neutral pseudoscalar mesons are mostly produced in pairs, and one member of an EPR pair is actually tagged by identifying the other through the product of its decay or interaction with another particle [10-12, 16, 17] . A very interesting and important application of the entanglement of meson pairs is the measurement or constraint on the CP and CPT violating parameters [4-6, 10-12, 18-24] .
In this paper, we present some exact theorems concerning the use of the C = −1 entangled state of pseudoscalar mesons to examine CP and CPT symmetries and extracting parameters characterizing CP and CPT. The paper is organized as follows. In Sec. II, we review various basis states and the quantum mechanical description of the timedependent states with various initial states of a single neutral pseudoscalar meson. We describe the time evolution of an entangled state in Sec. III. We consider the decays or projections of both mesons into flavor eigenstates in Sec. IV, and give in Sec. V the method of studying CP and possible CPT violations by using these events. Then we consider decays or projections of both mesons into CP eigenstates in Sec. VI, and discuss in Sec VII the method of studying CP and possible CPT violations by using these events. A summary is made in Sec. VIII.
II. REVIEW OF BASIS STATES AND TIME EVOLUTION OF SINGLE NEUTRAL PSEUDOSCALAR MESONS
First we give a review of single neutral pseudoscalar mesons in the usual Wigner-Weisskopf approximation, partly to set up definitions and notations, which we find convenient. Some of them follow those in Chou et al. [25] . The relation with some more commonly used definitions and notations will be given explicitly.
A neutral pseudoscalar meson M 0 and its antiparticleM 0 can be described as eigenstates of parity P both with eigenvalue −1, and of a characteristic flavor with eigenvalues ±1, the characteristic flavor being strangeness for K 
with eigenvalues ±1. Under the Wigner-Weisskopf approximation, the evolution of an arbitrary state of a pseudoscalar meson |M (t) , as a superposition of |M 0 andM 0 , can be described by a Schrödinger equation
where H is the mass matrix with complex elements
On the other hand, an indirect CPT violation would be characterized by a nonzero parameter δ M defined as
The kind of T violation which is independent of CPT is characterized by whether |q|/|p| = 1. The eigenvalues of H are
corresponding, respectively, to its eigenstates
with
If ǫ S = 0, |M S would reduce to
Many authors use the definitions
It is straightforward to find
We now consider time evolution of a single pseudoscalar neutral meson under the mass Hamiltonian H. We summarize the situation by giving the time-dependent state starting with each flavor or CP eigenstate.
Starting as a mass eigenstate |M S , the state of a single meson evolves as
Starting as a mass eigenstate |M L , the state evolves as
Starting as a flavor eigenstate |M 0 , the state evolves as
In (17) and (18),
where
Starting as a CP eigenstate |M + , the state evolves as
Starting as a CP eigenstate |M − , the state evolves as
In (24) and (25),
III. EVOLUTION OF AN ENTANGLED STATE
The entangled state of a pair of pseudoscalar mesons produced from a source of
Note that not only in the flavor basis, but also in the CP basis, |Ψ − is an exact singlet, no matter whether CP or CPT is violated. Now we consider the following situation. Starting as |Ψ − , the state of the entangled pair evolves and then decay to or produce certain products at t a and t b , respectively, which may or may not be equal. To account for this situation, one first consider
Let us refer to these two mesons as Alice and Bob. The joint probability that Alice decays to |ψ a at t a while Bob decays to |ψ b at t b was calculated as
Various situations are discussed in the following.
IV. JOINT PROBABILITIES OF THE DECAYS INTO FLAVOR EIGENSTATES
Suppose from the entangled state, Alice and Bob each decays or transits to a two-valued flavor eigenstate, as in CPLEAR experiment, where the strangeness values of the two kaons were measured through their interactions with bound nucleons [7, 8] , and in BELLE experiment, where the beauties of the two B d mesons were measured by their semileptonic decays [13] . We generally denote the flavor eigenstates as |l + of eigenvalue +1 and |l − of eigenvalue −1. Examples for |l + include the semileptonic decay product M −l ν, as well as
S . Examples for |l − include the semileptonic decay product M + lν, as well as
S [25] . In the CPLEAR experiment on kaons [7] , |l + and |l − are products produced via interaction with bound nucleons.
For |l + , the amplitude from |M 0 is
while the amplitude fromM 0 is
For a flavor eigenstate |l − , the amplitude fromM 0 is
while the amplitude from M 0 is
One can calculate the joint amplitude of such a pair of decays in which Alice and Bob decays |l 
From (17) and (18), one can obtain
where α = a, b.
Thus we obtain
where ∆m ≡ m L − m S , ∆t ≡ t b − t a , Ω = |Ω|e iφΩ . In experiments, it is more convenient to use the integrated rate
which is simply given by I(l 
V. STUDYING CP AND CPT VIOLATIONS USING THE JOINT PROBABILITIES OF DECAYS IN FLAVOR BASIS
We focus on the case |l
and |l
The above four joint probabilities can form some asymmetries between the decays of the entangled mesons. First consider
and the asymmetry of the corresponding integrated rates
which are only dependent on ∆t ≡ t b − t a . They are evaluated to be
which is independent of t a , t b or ∆t. If CP is conserved, then R
L , consequently A(++, −−, t a , t b ) = A ′ (++, −−, ∆t) = 0. Therefore we have the following theorem.
Theorem 1 If the equal-flavor asymmetry A(++, −−, t a , t b ) = 0, or if A ′ (++, −−, ∆t) = 0, then CP is violated, independent of whether CPT is conserved.
On the other hand, if CP T is conserved, then δ M = 0, thus x S = x L = q/p, consequently we have the following result.
Theorem 2 If CPT is conserved, the equal-flavor asymmetry is A(++, −−, t a , t b ) or A ′ (++, −−, ∆t) is given by
A deviation from (51) indicates CPT violation, which, however, can be tested by the following simpler method. Now we consider the unequal-flavor asymmetry defined by
which are evaluated to be
which always vanishes if ∆t = 0. For ∆t = 0, if CPT is conserved, then Ω = 1, i.e. |Ω| = 1 and sin φ Ω = 0, consequently A(+−, −+, t a , t b ) = A ′ (+−, −+, ∆t) = 0. Therefore we have the following theorem. Theorem 3 Consider the two correlated decays at different times. If the unequal-flavor asymmetry A(+−, −+, t a , t b ) = 0, or if A ′ (+−, −+, ∆t) = 0, then CPT is violated. Moreover, using the four instantaneous rates at various times or using the four integrated rates for various time differences, one can determine all the parameters
, which are all rephaseinvariant. One can also simply use the integrates rates with various values of ∆t. One can also use the instantaneous rates while avoid using the precise value of t a , by considering the ratio I(l
, where the common factor e −(ΓS+ΓL)ta is canceled. Therefore the instantaneous rates with the same ∆t but different t a can be used altogether.
VI. JOINT PROBABILITIES OF DECAYS INTO CP EIGENSTATES
Now we consider the situation that the decay products of Alice and Bob are both CP eigenstates, as in KLOE experiment, where the probability of both kaons decaying to π + π − was obtained up to a proportional factor [9, 11] . We generally denote the CP eigenstates as |h + of eigenvalue +1 and |h − of eigenvalue −1. Examples for |h
while the amplitude from |M − is
For |h − , the amplitude from |M − is
while the amplitude from |M + is
Q + and Q − are not directly measurable quantities, as M S and M L , rather than M + and M − , are physical. However, from (7) and (8), we have
It is not difficult to see that although Q ± are not rephase-invariant, |Q ± | 2 are. Suppose Alice and Bob decay to CP eigenstates h 
From (24) and (25), one can obtain
Therefore,
One can also consider the integrated rate
which is simply given by I(h x a , t a ; h y b , t a + ∆t) as in (66), with e −(ΓS +ΓL)ta replaced as 1/(Γ S + Γ L ).
VII. STUDYING CP AND CPT VIOLATIONS USING THE JOINT PROBABILITIES OF DECAYS IN CP BASIS
First, if both CP and CPT are conserved, then
, 0] = 0 no matter whether CP or CPT is violated. Therefore we have the following theorem.
Theorem 4 Any nonzero value of
, ∆t] for ∆t = 0 indicates the violation of CP or CPT or both.
KLOE experimental data [10, 11] indeed fit well and |h
and the corresponding one for the integrated rates
which are independent of t a , t b or ∆t. If CP is conserved, then p/q = 1, thus
If both CPT and CP are conserved, then W = 0,
In particular, when ∆t = 0, the unequal-CP asymmetry is 0. Hence we have the following theorem. 
VIII. SUMMARY
In this paper, we have considered the correlated decays of a C = −1 entangled state of two pseudoscalar mesons, which are now routinely produced in φ and B factories. We rigorously calculated the joint probabilities and corresponding integrated rates of the decays both into flavor eigenstates, as well as those of the decays both into CP eigenstates. Measurement of these joint probabilities for various values of time differences of the two decays can lead to the determination of various parameters, including those characterizing CP and CPT violations.
More interesting results are some rigorously formulated simple methods of deciding whether CP and CPT are violated by using the asymmetries of the entangled decays of the two mesons. The asymmetry between instantaneous probabilities (with unprimed notation) is equal to the corresponding one between integrated rates (with primed notation).
If the equal-flavor asymmetry A(++, −−, t a , t b ) or A ′ (++, −−, ∆t), which is found to be independent of times, is nonzero, then CP is violated, independent of whether CPT is conserved. If the unequal-flavor asymmetry A(+−, −+, t a , t b ) or A ′ (+−, −+, ∆t) is nonzero even if ∆t = 0, then CPT is violated. Any nonzero value of a joint probability of equal-CP decays at different times, i.e. I[h
